
Nonlinear Systems
ME 3295-001/ME 5895-001/ECE 6095-004

Chang Liu

School of Mechanical, Aerospace, and Manufacturing Engineering 

University of Connecticut

chang_liu@uconn.edu

Numerically searching for Lyapunov functions and bifurcation analysis
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Course example code

Installation of YALMIP, SeDuMi, and pde2path 

https://github.com/cliu124/Nonlinear_Systems

HW 3 will use some of these code
Can be used for course project
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ReadMe
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Mosek

Academic free 
license of Mosek
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within Folder: 1_Lyapunov_method_YALMIP
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Local bounds of nonlinearity
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s-procedure

+
(Lagragian multiplier)

+ within region 

Not feasible
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Numerical tool: YALMIP

C_region_of_attraction.m
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Numerical tool: YALMIP

C_region_of_attraction.m
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Numerical tool: YALMIP

C_region_of_attraction.m
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Numerical tool: YALMIP

C_region_of_attraction.m
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Region of attraction
Running C_region_of_attraction.m
Linear matrix inequalities formulation with bounds on cubic nonlinearity
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Sum of squares programming

https://yalmip.github.io/tutorial/sumofsquaresprogramming/

How about higher-order polynomials
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Sum of squares programming
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Sum of squares programming

D_sum_of_squares.m
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Sum of squares programming

Then conduct the same thing to get the largest level set of 
Lyapunov function run simulations with reversed time

D_sum_of_squares.m
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Region of attraction

Running D_sum_of_squares.m with V polynomial of order 2
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Region of attraction

Running D_sum_of_squares.m with V polynomial of order 4
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Region of attraction

Running D_sum_of_squares.m with V polynomial of order 6
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Region of attraction

Running D_sum_of_squares.m with V polynomial of order 8
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Upper bound of growth rate

Program A_growth_rate.m
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Upper bound of growth rate

Program A_growth_rate.m

Blue thick dashed line: 
Other lines: simulation with random I.C. 
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Upper bound of transient growth

Program B_transient_growth.m
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Upper bound of transient growth

Program B_transient_growth.m

Blue thick dashed line: 
Other lines: simulation with random I.C.
Black solid line: envelope of simulations   



Numerically searching for Lyapunov functions

26

Upper bound of growth rate of time-varying systems

Program E_growth_rate_time_varying.m
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Upper bound of growth rate of time-varying systems

Program E_growth_rate_time_varying.m

Blue thick dashed line: 
Other lines: simulation with random I.C. 
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Upper bound of transient growth of time-varying systems

Program F_transient_growth_time_varying.m
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Upper bound of transient growth of time-varying systems

Program F_transient_growth_time_varying.m

Blue thick dashed line: 
Other lines: simulation with random I.C.
Black solid line: envelope of simulations  
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Numerical tool: pde2path

https://www.staff.uni-oldenburg.de/hannes.uecker/pde2path/
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Numerical tool: pde2path
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Numerical tool: pde2path

Installation of YALMIP, SeDuMi, and pde2path 

https://github.com/cliu124/Nonlinear_Systems

HW 3 will use some of these code
Can be used for course project



Bifurcation analysis

33

Numerical tool: pde2path

Within 2_Bifurcation_pde2path folder
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Numerical tool: pde2path

Within 1_supercritical_pitchfork folder Within 3_supercritical_Hopf folder



Bifurcation analysis

35

Numerical tool: pde2path

Within 1_supercritical_pitchfork: cmds1.m, main command, run this!
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Numerical tool: pde2path

Within 1_supercritical_pitchfork: init.m and oosetfemops.m 

No need to change these two 
functions in most cases

Modify this if you compute 
ODE with dimension >2. 
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Numerical tool: pde2path

Within 1_supercritical_pitchfork: sG.m and sGjac.m 

Modify these two functions will change to a different dynamical system
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• Supercritical Pitchfork

• Within 1_supercritical_pitchfork
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Numerical tool: pde2path

Exercise 2.27(1)
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• Subcritical Pitchfork

• Within 2_subcritical_pitchfork
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Numerical tool: pde2path
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Numerical tool: pde2path

Within 3_supercritical_Hopf: cmds1.m
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Numerical tool: pde2path

Within 3_supercritical_Hopf: sG.m and sGjac.m
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Numerical tool: pde2path

Within 3_supercritical_Hopf: nodalf.m, the same as sG.m, needs to be modified together



Bifurcation analysis

• Supercritical Hopf

• Within 3_supercritical_Hopf
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Numerical tool: pde2path

Page 73 of Khalil



Bifurcation analysis

• Subcritical Hopf

• Within 4_subcritical_Hopf
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Numerical tool: pde2path

Page 74 of Khalil



Common problems of installing software

45

Mosek

Create a folder called ‘mosek’ if you do not have a folder called mosek there.
Need to put the license in EXACTLY the same place 
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Mosek

1

2
3

4
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Mosek

5

Check all subfolders are here
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Symbolic Math toolbox



Common problems of installing software

• Make sure to run ‘install.m’ before running code within 
2_Bifurcation_pde2path.

• No SetPath as mosek is needed.

• HW3 due is extended to October 12 (Saturday) 11:59pm. 

49

pde2path
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